Analogue Filters

By Michael Prior-Jones

Based on course material taught by Jeremy Everard and chapter 5 of “The Art of Electronics” by Horowitz and Hill.

Introduction

These notes are intended to clarify, in plain English, the potentially highly mathematical subject of analogue filter design. Like much of analogue electronics, a few basic concepts go a long way in helping to understand the subject, and I hope to introduce them, along with plenty of examples and explanation. Because my background is in broadcasting, most of the analogies and examples will be drawn from this field, but I hope that they’ll help the reader to understand the subject!

Why filter?

Just to (briefly) go back to extremely patronising first principles, a filter is a circuit which affects different signals in different ways, depending on their frequency. Filters turn up in all analogue design, and are a fundamental building-block of signal processing. If you listen to the radio, you use a filter to tune it to your desired station (it’s the “tuning” knob). Without the filter you wouldn’t be able to separate one station’s signal from another. Any situation involving different signals at different frequencies on the same cable is going to involve filters to separate. They also get used to discard undesired frequencies, such as 50Hz hum from the mains.

Filter jargon

Filters come in four basic flavours: low-pass, high-pass, band-pass and band-stop. 

All of them have one very fundamental property- the frequency at which things change. This is called fc and is called the cut-off frequency in high or low pass filters and the centre frequency in band-pass and band-stop filters.

This is what their frequency responses look like:

Low-pass filter



This is an ideal low-pass filter- signals at frequencies below fc,  pass through, whilst signals at frequencies above fc are attenuated down to nothing. The frequencies at which the signal passes through are called the passband, whilst the frequencies where the signal is attenuated are called the stopband. All fairly straightforward, really.

High-pass filter


Again, very straightforward. Low frequencies are attenuated into nothingness, whilst frequencies above fc pass through unaffected.

Band-pass filter







Here, fc represents the centre of the passband. Only frequencies in the block either side of fc pass through- all others are attenuated. 

Band-stop filter





In this filter (which is rather less common than the others), fc represents the centre of the stopband. Frequencies either side of fc are attenuated, whilst those further away pass through unaffected.

Phase responses

As well as having an amplitude response, filters have a phase response which describes the change in signal phase through the filter as frequency varies. An ideal filter would have a zero phase response: the signal would not experience any time-delay through the filter. However, this is physically impossible, because filters store energy, and thus must introduce a delay in the storage/release process and hence a change of phase. So, our (slightly more practical) ideal filter has a linear phase response: a constant time delay regardless of frequency.

Ideal filters and approximations

The frequency responses shown above are ideal:

· The passbands do not attenuate the signal at all

· The stopbands provide infinite attenuation

· The transitions are infinitely sharp

· The phase response is linear.

Like most of these things, you can’t go down to stores for an ideal filter. (or for that matter, light inextensible string, frictionless inclined planes, 1 Coulomb point charges or any of the other things lecturers use to demonstrate theories!) We have to approximate the ideal response, and this (inevitably) involves making compromises.

Fortunately, most of the head-scratching has been done for us by other people, so in the best tradition, we can use their work as long as we credit them for it.

We’re going to consider low-pass filters for most of these notes, as it’s very easy to translate the ideas into other types of filter when you come to do the circuit design.

A chap called Butterworth came up with the simplest approximation to an ideal filter. 

Its frequency response looks rather like this:
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As you can see, it has an entirely flat passband and stopband, and a reasonable roll-off between them. The steepness of the roll-off is determined by the filter’s order, the larger the order, the steeper the roll-off. As you can’t get something for nothing, the higher the order of the filter, the more complicated it gets.

For our Butterworth filter, the roll-off is at 20n dB per decade, where n is the order of the filter. This better than your bog-standard RC filter, but not that much better.
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The equation describing the frequency response of the Butterworth is given below:
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This response is given in terms of power, where H(j() is the voltage transfer function.

· H0 is the passband response: i.e. the gain of the filter at d.c.

· (c is the cut-off frequency, which for Butterworth filters is the point at which you get 50% of input power lost in the filter- the 3dB point.

· n is the order of the filter.

Given this equation you can design any Butterworth filter you like…

Bear in mind that in most situations people design filters in normalised form, which makes a couple of assumptions to make the maths easier. You can then denormalise it to get sensible component values later. The normalisation assumptions are that:

· the cut-off frequency, (c , is 1 rad/s

· H0 is 1, giving the filter unity d.c. gain.

In the weird world of the s​​​-plane, the normalised Butterworth filter has its poles lying on a unit circle. They’re arranged so that they never lie on the imaginary axis, and are equidistantly arranged around the circle. There are 2n poles for any Butterworth polynomial, but half of these lie in the right half-plane and are thus unstable. We form our transfer function from the n left-half plane poles. This is why the formula has a factor of 2n in it…

A popular exam question is to find the poles of a Butterworth filter- you can do this by simple geometry, knowing the arrangement of the poles on the unit circle. Multiplying them together will give the Butterworth polynomial in s and by substituting s = j(  you can get back to the original transfer function in ( .

The Chebyshev filter

Whilst the Butterworth filter has a very flat passband response, its roll-off into the stopband is still relatively slow. We can, however, get a sharper roll-off if we allow ripples in the passband- this is the Chebyshev filter.
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The Chebyshev transfer function is more complicated than the Butterworth one, and is given by:
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