The Z-transform & digital control

Tim Clarke’s course

Definition of the z-transform
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Shannon’s sampling theorem:

In order not to destroy the signal, the sampling frequency must be at least twice the highest frequency present in the signal.

Hold circuits:

Transfer function of Zero-order hold:
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Transfer function of First-order hold:
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where T is the sampling interval.

First-order holds do not, in practice, give much advantage over a zero-order hold, particularly as the complexity increases significantly.

Useful theorems:

· A delay of n sampling intervals is described by multiplying the z-transform by z –n
· Final value theorem: 
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 describes value of output at time = infinity

· Initial value theorem: 
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describes value of output at time = 0

How to do z-transforms:

Do partial fraction expansion and use the tables!

How to do inverse z-transforms:

Method 1:

Use the tables- you may need PFEs to get the equations to match the standard form in the tables.

Method 2:

Perform long division to get a (potentially infinite) polynomial in negative powers of z and then use the definition of the z-transform to give a time-series.

Method 3: 

Take a transfer function H(z) and substitute:
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i.e. output divided by input

Then cross-multiply, to get expressions in C(z) and R(z).

Divide through by a power of z in order to get the equation in negative powers of z
Knowing that z –n represents a delay of n sampling intervals, draw up a recurrence relation. If you then find the initial values by long division, you can use the recurrence relation to generate the series.

Dealing with systems with samplers:

Rule number 1

If you have system blocks which are seperated by samplers, take the z-transform of the individual blocks and add them together in the z-domain. If they are not seperated by samplers, you must combine them in the continuous Laplace domain before applying the z-transform to the combined function.

Rule number 2
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provided that the samplers at the input and output of G(s) are synchronised and have a constant sampling rate.

Feedback systems:

Error-sampled feedback systems:

The sampler is positioned in the error signal, between the summing junction and main plant.

These have a pulse transfer function  (a z-domain transfer function) of:
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Output-sampled feedback systems:

The sampler is placed in the feedback path between the system output and the controller.

For these systems, the pulse transfer function cannot be found.

Completely-sampled feedback systems:

Two samplers: one in the error path, and one between the system output and the controller.

Pulse transfer function:
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Stability of sampled systems:

Sampled systems are less stable than their continuous equivalents.

Stability criterion: for a sampled system to be stable, all of the z-plane poles must lie inside a unit circle centred on the origin.
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