Neural Networks

The McCulloch and Pitts (MCP) neural computing unit

This is a simple model neuron with a number of inputs and one output. Both the inputs and outputs are binary. 

Each input has a “weight” factor. If the weighted sum of the inputs (which is called the net input and given the symbol h) exceeds the threshold (symbol (), then the output is 1. Otherwise, the output is zero.

Perceptrons

A perceptron is a simple neural network: it consists of layers of perceptron units combined in a feed-forward manner. Connections are only made between adjacent layers.

Perceptron units are similar to MCP units, but may have binary or continuous inputs and outputs.

A perceptron with only one layer of units is called a simple perceptron.

Equation for a simple perceptron:

For a simple perceptron where each unit has N inputs, the output of unit i is given by:
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Oi = output from unit i
g() = activation function

wij = weight of input j to unit i

xj = value of input j
(i = threshold of unit i
hi = net input to unit i (weighted sum of all N inputs)

The activation function, g is the function that relates the net input to the output. For a binary perceptron, this may be a Heaviside function (i.e. step from 0 to 1 at threshold) or a sgn function (step from –1 to 1 at threshold). Other activation functions are also possible.

An alternative notation to describe the threshold is to treat it as a special weight vector. This is given the index j = 0 and x0 is defined as –1. The threshold is then given the notation wi0 and the equation becomes:
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Dot Product Representation

The behaviour of perceptrons can be described using vector notation. In this case, we define a vector of inputs x and a vector of weights w 

The net input, h can then be described as the scalar product (dot product) of the inputs and weights:
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The value of h then gives a measure of the similarity of the two vectors. So if the weight vector is used to represent some stored pattern, the value of h gives a measure of similarity between the current input and the stored pattern.

Binary Perceptron units

Taking the case where the perceptron units have binary outputs, we can construct a dividing plane between the output states as a function of the input states. For a two-input unit, this is a line which indicates the transition between the two output states.

The dividing line occurs when h = 0, and it is always at right-angles to the weight vector.

For a problem to be solved by a simple perceptron, it must be possible to draw a dividing line. This is called the condition of linear seperability.

XOR is an example of a function which is not linearly seperable.

Simple perceptrons can be designed using analytical methods: from a truth table, one can construct a dividing line and determine values for weights and threshold that satisfy it.

Learning Rules

For complex problems, the networks cannot be designed analytically. Neural networks can learn by interaction with the environment. Learning uses an iterative process to make incremental adjustments to the weights, using some performance metric.

Supervised learning is based on comparisons between actual outputs and desired output, and requires a teacher of some sort.

Unsupervised learning is when the network creates its own categories based on common features in the input data.

Notation:

The symbol P is used to represent a desired output. Pi( represents the desired response of unit i to an input pattern (.

Supervised Learning

Error-correction rule:

· input patterns are applied one at a time

· weights are adjusted if actual output differs from desired output

· incorrect weights are adjusted by a term proportional to (P – O)

· weight wij are adjusted by adding a factor (wij
· 
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r is called the learning rate and controls the speed of the learning process. (wij
is zero if P = O
Gradient Descent learning rule

Define a cost function and use a weight adjustment proportional to the derivative of the cost function.

Widrow-Hoff delta rule (specific gradient descent rule)

· Select input pattern (
· Calculate net input hi and output Oi(
· If Pi(=Oi( go back to start
· Calculate error: 
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· Adjust weights according to 
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where 
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· Repeat for next input pattern

Do not adjust weights when x is zero

The equations assume the threshold is represented as the weight of input zero.

me is the margin of error
Associative Networks

· fully-connected

· symmetrical weights

· no connection from unit to itself

· inputs and outputs are binary

The input pattern is imposed on the units, and then each unit is updated in turn until the network stabilises on a particular pattern.

Setting the weights for a given pattern:

Stability criterion: net input must have same sign as desired output.
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If 50% of the inputs have the same sign as the pattern bits, then the net input will have the correct sign, and the network will converge to the pattern as a stable attractor.

Storing multiple patterns

If we wish to store K patterns in the network, we use a linear combination of terms, one term for each pattern:
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xi represents patterns that we wish to store within a network’s memory.

Hopfield’s energy function

This describes the network as it is updated. Changes in the state of the network reduce the energy, and attractor states correspond to local minima in the function.
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Unsupervised Hebbian learning

Oja’s rule:
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Competitive Learning

Only one output within the network is activated for each network pattern. The unit which is activated is known as the winning unit, and is denoted as i*. The winning unit is the one with the biggest net input: 
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This technique is used for categorising data, as similar inputs should fire the same output.

The learning rule for these networks is to only update the weights for the winning unit:
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Kohonen’s algorithm and feature mapping

Competitive learning gives rise to a topographic mapping of inputs to outputs: nearby outputs are activated by nearby inputs. This can give rise to a self-organising feature mapping.

The algorithm involves updating all the weights in the network, but an extra term, called the neighbourhood function makes bigger adjustments in units surrounding the winning unit:
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is the neighbourhood function, and is equal to 1 for the winning unit.

Shown graphically, the Kohonen network spreads itself like elastic over the feature space, providing a high density of units in areas where there are a high density of input patterns.

Multilayer Binary Perceptron Networks

These include hidden layers, i.e. units whose outputs are not directly accessible. The problem of linear seperability does not apply in these networks.

The first layer categorises the data according to dividing lines. The second layer then combines these to form convex feature spaces. Convex means that the space does not contain holes or indentations. A third layer can then combine several convex spaces together to describe an arbitrary feature space.

Continuous multilayer perceptrons

Instead of having binary outputs, use a sigmoid (0/1) or tanh(-1/+1) activation function to give a continuous output. These functions have a parameter called ( which controls the slope of the transition around the zero point.

Back propagation

This is the technique used to perform gradient descent learning in a multilayer perceptron network. Basically, gradient descent learning is performed first on the connections between the output layer and the hidden layer, and then between the hidden layer and the inputs. You need to perform partial derivatives of the cost function with respect to the two sets of connections.
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